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Abstract
One of the possible extensions of Einstein’s General Theory of Relativity consists in allowing for the presence of
spacetime torsion. The form of the underlying torsion tensor can be chosen such that the homogeneity and isotropy of
Friedmann-Lemaitre-Robertson-Walker universes is preserved, and it has been recently suggested that such universes
may undergo accelerating phases. We use recent low-redshift data, coming from Type Ia Supernova and Hubble pa-
rameter measurements, to phenomenologically constrain this class of models under the so-called steady-state torsion
assumption of a constant fractional contribution of torsion to the volume expansion. We start by considering models
without a cosmological constant (where torsion itself would be expected to yield the current acceleration of the uni-
verse) finding, in agreement with other recent works, that these are strongly disfavoured by the data. We then treat
these models as one-parameter extensions of ΛCDM, constraining the relative contribution of torsion to the level of
a few percent in appropriate units. Finally, we briefly discuss how these constraints may be improved by forthcom-
ing low-redshift data and check the robustness of our results by studying an alternative to the steady-state torsion
parametrization.
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1. Introduction
Understanding the physical mechanism behind the re-
cent acceleration of the universe is among the most press-
ing tasks of observational cosmology. Whether this mech-
anism is a cosmological constant or a new dynamical de-
gree of freedom—describing an additional fluid or a mod-
ification in the large-scale behaviour of gravity—is still
unknown, and major observational efforts are in progress
to address the issue [1].
One of the natural extensions of Einstein’s General
Theory of Relativity consists in allowing for the presence
of spacetime torsion. This was first considered almost one
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century ago by Cartan [2], and had a brief revival of in-
terest in the 1960s due to seminal works by Kibble and
Sciama [3, 4], but its observational consequences are rel-
atively unexplored. In the modern cosmological context,
it is interesting to note that the form of underlying tor-
sion tensor can be chosen such that the homogeneity and
isotropy of Friedmann-Lemaitre-Robertson-Walker uni-
verses is preserved [5]. This scenario has been recently
reconsidered [6] and it has been noted that such universes
may undergo accelerating phases [7].
Here we use recent low-redshift data, coming from the
Pantheon Type Ia Supernova compilation by Riess et al.
[8] and the compilation of 38 Hubble parameter measure-
ments by Farooq et al. [9] to constrain this class of mod-
els. We start by considering models without a cosmolog-
ical constant (where torsion would be expected to yield
the current acceleration of the universe) finding that these
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are strongly disfavoured by the data. To the extent that
a comparison is possible, our results here are in agree-
ment with other recent work [10], which uses different as-
sumptions and data (as we discuss below). We then treat
these models under a more general assumption that they
are one-parameter extensions of ΛCDM, constraining the
relative contribution of torsion to the level of a few per-
cent (in appropriate units, also defined below). We also
briefly discuss how these constraints may be improved by
forthcoming low-redshift data, specifically from a combi-
nation of next generation supernova measurements from
WFIRST and novel measurements of the redshift drift of
cosmological objects following the Hubble flow from the
ELT.
The plan of the rest of the work is as follows. We
start by briefly describing the derivation of the Einstein
and continuity equations for these models in Sect. 2,
and also comment on the steady-state torsion parametriza-
tion which we will use in most of what follows. Con-
straints on these models from the aforementioned current
data are presented in Sect. 3, while in Sect. 4 we look
beyond the current status and present forecasts for anal-
ogous constraints from next-generation experiments. In
Sect. 5 we briefly study and constrain an alternative to the
steady-state torsion parametrization (in order to test how
generic are the results obtained with our primary choice
of parametrization), and finally we present some conclu-
sions in Sect. 6
2. Homogeneous and isotropic models with torsion
Spatially homogeneous and isotropic cosmologies in-
cluding torsion have recently been studied in [6, 7]. In
theories with torsion there is a further degree of freedom
(in addition to the usual metric), which also gravitates.
While there is at present no experimental or observational
evidence for the presence of this degree of freedom, it
is important to study its possible effects, and here we do
this for the recent universe. The torsion field can be cho-
sen such as to preserve the homogeneity and isotropy of
Friedmann-Lemaitre-Robertson-Walker models [5], and
as recently discussed in [6, 7] torsion can play a non-
trivial cosmological role and in some cases lead to accel-
erating universes. In what follows we briefly summarize
the results of these theoretical works, leading to the Fried-
mann, Raychaudhuri and continuity equations for these
models, which will be the starting point of our observa-
tional analysis.
Mathematically, the torsion tensor S ξµν is defined as the
antisymmetric part of the affine connection,
S ξµν = Γ
ξ
[µν] ; (1)
the symmetric part of the connection are the usual
Christoffel symbols. Physically, this defines relation be-
tween the intrinsic angular momentum (i.e., the spin) of
matter with the geometric properties of the underlying
spacetime. The only non-trivial contraction of the torsion
tensor is the torsion vector, S µ = S νµν. The general field
equations including torsion are known as the Einstein-
Cartan equations. Nominally the Einstein equations retain
the usual form
Rµν − 12Rgµν + Λgµν = κTµν , (2)
where gµν is the metric, Rµν and R are the Ricci tensor
and scalar, Tµν is the energy-momentum tensor, Λ is Ein-
stein’s cosmological constant and κ = 8piG. However,
note that the presence of torsion implies that the Ricci ten-
sor and the energy-momentum tensor are not symmetric.
The Cartan equations relate the torsion tensor to the spin
tensor, denoted sµνξ, as follows
S µνξ = − κ4
(
2sνξµ + gξµsν − gµνsξ
)
, (3)
and similarly for the torsion and spin vectors one has S µ =
−κsµ/4.
Generically speaking, models containing torsion do not
lead to homogeneous and isotropic universes. However,
as discussed in [5], there is a particular choice of torsion
tensor which does lead to such universes. It is convenient
to define it by considering a 3 + 1 spacetime decomposi-
tion, introducing a timelike 4-velocity field uµ (satisfying
uµuµ = −1) and using it to decompose the metric into
gµν = hµν − uµuν, with the tensor hµν being symmetric and
orthogonal to the vector uµ. With these definitions, the
required torsion tensor has the form
S µνξ = 2φ(t)hµ[νuξ] ; (4)
the scalar function φ must depend only on time (a spatial
dependence would violate the homogeneity assumption),
but is otherwise arbitrary.
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Making the standard assumption of treating the metric
and the torsion as independent objects, the line element of
a FRW-like spacetime with torsion should be the same as
in the standard Riemann case, namely
d∫ 2 = −dt2 + a2
[
dr2
1 − Kr2 + r
2dΩ2
]
, (5)
where a is the scale factor and K is the 3-curvature. Stan-
dard computational techniques then lead to the following
Friedmann, Raychaudhuri and continuity equations [6, 7]
H2 =
1
3
κρ − K
a2
+
1
3
Λ − 4φ2 − 4Hφ (6)
a¨
a
= −1
6
(ρ + 3p) +
1
3
Λ − 2φ˙ − 2Hφ (7)
ρ˙ = −3H
(
1 + 2
φ
H
)
(ρ + p) + 4φ
(
ρ +
Λ
κ
)
. (8)
Here the dot denotes a derivative with respect to physi-
cal time, H = a˙/a is the Hubble parameter, and finally ρ
and p are the density and pressure. In what follows we
will assume K = 0 and barotropic fluids with a constant
equation of state p = wρ.
We can also define the usual present-day fractions of
matter and dark energy, Ωm = κρ0/3H20 and ΩΛ = Λ/3H
2
0 ,
and we can similarly define a torsion contribution
Ωφ = −4
(
φ0
H0
) [
1 +
φ0
H0
]
. (9)
In most of what follows we will make the usual simplify-
ing assumption (also adopted in [6, 10], where it is dubbed
steady-state torsion) that the relative torsion contribution
to the expansion remains constant in time,
φ
H
= λ = const. , (10)
and we will usually express observational constraints di-
rectly in terms of the model parameter λ. The exception
is Sect. 5, where we will briefly consider an alternative
phenomenological parametrization for the torsion field φ.
The analysis of [6] leads to a bound from primordial
nucleosynthesis of −0.01 . λ . 0.02 (in the absence
of an explicit statement therein, we assume that this is a
one-sigma bound). The more recent analysis of [10] uses
models with up to 4 free parameters, assuming Λ = 0 and
w = 0 throughout, but not assuming flat universes. Under
those assumptions they find that scenarios with φ = const
or φ ∝ H are observationally disfavoured (we will con-
firm the latter below), and toy models with 3 or 4 free
parameters would be needed in order to have realistic val-
ues of the matter density and Hubble constant (though
such models will have strong degeneracies between some
of these parameters). Our analysis differs in focusing on
models with fewer and/or better motivated parameters: we
will assume flat universes, but allow for non-zero values
of the cosmological constant and of the matter equation
of state.
For numerical purposes, in the following sections it is
convenient to define a dimensionless density (r) via ρ =
rρ0, as well as the dimensionless Hubble parameter E =
H/H0, and write the Friedmann and continuity equations
as a function of redshift as follows
E2(z) = 1 +
r(z) − 1
(1 + 2λ)2
Ωm (11)
(1+z)
dr
dz
= 3(1+w)r+2λ
[
2 + (1 + 3w)r − 2
Ωm
(1 + 2λ)2
]
,
(12)
where we have made use of the flatness condition (lead-
ing to a relation between λ, Ωm and ΩΛ which allows us to
eliminate the latter) and are also assuming that λ , −1/2
and Ωm , 0. We will deal with the particularly simple
case ΩΛ = 0 separately at the beginning of the next sec-
tion.
3. Constraints from current data
We now use recent low-redshift background cosmology
data to constrain these models, under various different as-
sumptions about the underlying parameter space. Specif-
ically, we use two main data sets. The first is the com-
pressed data from the Pantheon compilation [8]. We note
that the values reported in the arXiv and the published
versions are slightly different; in what follows we used
the values from the published version. The 1049 super-
nova measurements in the range 0 < z < 2.3 are com-
pressed into 6 correlated measurements of E−1(z) (where
E(z)is again the dimensionless Hubble parameter) in the
redshift range 0.07 < z < 1.5. It has been shown [8] that
this compressed data set provides a nearly identical char-
acterization of dark energy as the full supernova sample,
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thus making it an efficient compression of the raw data.
Our second data set is the recent heterogeneous compila-
tion of 38 Hubble parameter measurements in the redshift
range 0.07 < z < 2.36 [9].
We carried out a standard likelihood analysis with up
to three different free parameters: Ωm, λ and the equation
of state w. We always assume uniform priors on λ and w.
For the matter density we will in some cases use a Planck-
like prior, Ωm = 0.315 ± 0.007 [11], otherwise the prior
is also uniform. Another relevant parameter is the Hubble
constant, but this is always analytically marginalized in
our analysis, following the procedure detailed in [12].
3.1. No cosmological constant
We start with the simple case ΩΛ = 0. In this case the
dimensionless Friedmann equation has the analytic solu-
tion
E2(z) = (1 + z)3(1+w)+2λ(1+3w) ; (13)
note that the matter density does not explicitly appear be-
cause it and λ are not independent, being related by
Ωm = (1 + 2λ)2 . (14)
Clearly there will be a degeneracy between λ and w, al-
though it can be broken by a prior on the matter density—
for which we will use Planck, as mentioned above. Figure
1 summarizes the results of our analysis, without and with
this prior. Note that in this and subsequent figures the
pairs of panels are always displayed with identical axis
ranges, to facilitate the comparison and highlight the im-
pact of the prior.
The most striking result is that this is a very poor fit to
the data: the reduced chi-squares for the best fit choice
of parameters are respectively 2.78 without the prior and
2.71 with the prior. In the latter case the relation
λ =
1
2
(−1 ±
√
Ωm) (15)
determines the two possible values for the torsion ratio,
λ = −0.22 or λ = −0.78; these would correspond to Ωφ =
1 − Ωm ∼ 0.685. The preferred values for the equation of
state w are -0.39 and -0.28 without the prior and -0.40 and
-0.26 with the prior, respectively.
Having shown that these models can’t be fundamental
alternatives to ΛCDM, in which torsion would be respon-
sible for the recent acceleration of the universe, we move
on to consider the more phenomenological scenario where
torsion is an extension of standard ΛCDM cosmology, en-
abling constraints on the observationally allowed amount
of torsion.
3.2. Cosmological constant with w = 0
We now return to the generic case where ΩΛ need not
vanish, so we are effectively treating these models as one-
parameter extensions of ΛCDM, to which model they re-
duce when λ = 0. We start by assuming that matter has
the standard equation of state, w = 0. As in the previ-
ous subsection will separately consider the cases without
and with the aforementioned Planck prior on the matter
density.
Figure 2 summarizes the results of this analysis. Start-
ing with the case without the Planck prior, we find the
following one-sigma posterior likelihoods for the two free
parameters
λw=0 = −0.07+0.05−0.04 , (16)
Ωm,w=0 = 0.18+0.06−0.03 ; (17)
there is a clear degeneracy between the two parameters,
and there is a one-sigma preference for a non-zero (nega-
tive) λ, with a correspondingly smaller value of the mat-
ter density. However, at the two-sigma level the results
are consistent with ΛCDM. The inclusion of the Planck
prior breaks the degeneracy and significantly improves the
constraints. Additionally (and unsurprisingly) the Planck
prior makes the results more consistent with ΛCDM; the
one-sigma posterior likelihood for the torsion parameter
is found to be
λ(w=0,Planck) = 0.02+0.01−0.02 , (18)
which is consistent with the null result at just over one
sigma. The Planck prior shifts the preferred value of the
matter density to significantly larger values, and the pos-
itive correlation between the two parameters makes the
preferred value of λ correspondingly larger. For the best
fit value, and according to Eq. 9, the torsion contribution
would therefore be Ωφ ∼ −0.07.
3.3. Cosmological constant with w , 0
We can extend the results of the previous subsection
by allowing for a non-zero (but still constant) equation
of state. There is a weak degeneracy between w and the
4
Figure 1: Constraints on the λ–w parameter space for ΩΛ = 0. Left and right panels are respectively for the cases without and with the Planck prior.
The black lines represent the one, two and three sigma confidence levels, and the colormap depicts the reduced chi-square of the fit: for the best-fit
choice of model parameters, this is respectively 2.78 and 2.71, confirming that this is a very poor fit to the data.
Figure 2: Constraints on the λ–Ωm parameter space for w = 0. Left and right panels are respectively for the cases without and with the Planck prior.
The black lines represent the one, two and three sigma confidence levels, and the colormap depicts the reduced chi-square of the fit.
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other model parameters, so although the constraints be-
come weaker (as they must), both parameters are still well
constrained by the data. On the other hand, without the
Planck prior the matter density is not constrained, even at
one sigma.
Figure 3 summarizes the results of this analysis. Start-
ing with the case without the Planck prior, the one-sigma
posterior likelihood for the torsion parameter is
λ(w,0) = −0.02 ± 0.04 , (19)
while for the equation of state we have
w = −0.05 ± 0.04 ; (20)
there is therefore a small (statistically not significant)
preference for a negative equation of state for matter.
Moreover, we see that this equation of state is quite tightly
constrained, which explains why the constraint on λ is not
significantly changed with respect to the w = 0 case. In-
deed the main difference in allowing for a non-zero equa-
tion of state is that there is no longer any constraining
power on the matter density. This can again be circum-
vented by adding the Planck prior, which leads to
λ(w,0,Planck) = −0.01 ± 0.02 ; (21)
compared to the w = 0 case the best-fit value has changed
sign, and the constraint is now consistent with the null
result at one sigma. When compared to the w , 0 con-
straint without the matter prior the sensitivity is improved
by a factor of two. For the best fit value the torsion con-
tribution would be Ωφ ∼ 0.03. On the other hand, the
constraint on the matter equation of state is relatively less
affected
wPlanck = −0.05 ± 0.03 ; (22)
this is consistent with the standard result (w = 0) at the
two sigma confidence level.
4. Forecasts of future constraints
Here we briefly discuss how the constraints discussed
in the previous section might be improved by future ob-
servations. Specifically, we consider measurements of the
redshift drift by the Extremely Large Telescope (ELT)
[13, 14], which will directly probe the expansion of the
universe in the deep matter era, as well as an improved
supernova data set.
The redshift drift of an astrophysical object following
the Hubble flow is given by [15, 13]
∆z = τobsH0 [1 + z − E(z)] , (23)
where τobs is the observation time span, although the ac-
tual observable is a spectroscopic velocity
∆v = kτobsh
[
1 − E(z)
1 + z
]
, (24)
which we expressed in terms of E(z) and h =
H0/(100km/s/Mpc); we also introduced the normaliza-
tion constant k, which has the value k = 3.064 cm/s if
τobs is expressed in years. The uncertainty in the velocity
measurement for the ELT is expected to be [13, 16]
σv(z) = 1.35
(
2370
S/N
) √
30
Nqso
(
5
1 + zqso
)λ
, (25)
where S/N denotes the signal to noise of the spectra avail-
able at the redshift bin zqso and Nqso is the number of
quasars observed at that redshift. The exponent of the last
term is λ = 1.7 for zqso ≤ 4 and λ = 0.9 for zqso > 4.
We assume a realistic observation program with a time
span of τobs = 20 years, a signal to noise S/N = 3000
in each measurement, and three different measurements
at redshift bins centered at zqso = 2.5, 3.5, 5.0, each based
on combining spectra from sets of Nqso = 10 quasars [16].
The work leading to the Pantheon compilation [8]
also discusses a future data set of supernova measure-
ments from the proposed WFIRST satellite [17]. Their
analysis leads to the following values for percent errors
on E(z): σ = 1.3, 1.1, 1.5, 1.5, 2.0, 2.3, 2.6, 3.4, 8.9
for the nine redshift bins centered at z =
0.07, 0.20, 0.35, 0.60, 0.80, 1.00, 1.30, 1.70, 2.50, respec-
tively. These measurements are not fully independent,
as there are pairwise correlations among some of the
measurements, but the authors state that these effects are
small, so in the absence of publicly available information
on them we ignore them in the analysis that follows.
Their simulated data set was also obtained under the
assumption of a flat universe.
We thus forecast constraints on the models under con-
sideration for a combined mock data set of ELT redshift
6
Figure 3: Likelihood constraints in the various 2D planes of the λ–w–Ωm parameter space. Left and right side panels are respectively for the cases
without and with the Planck prior. The black lines represent the one, two and three sigma confidence levels, and the colormap depicts the reduced
chi-square of the fit.
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Figure 4: Likelihood constraints in the various 2D planes of the λ–w–
Ωm parameter space for the future (simulated) data sets described in the
main text. Dashed and solid lines respectively depict the cases with and
without priors. One, two and three sigma confidence levels are repre-
sented in both cases.
drift and WFIRST supernova measurements, both on their
own and complemented by a Planck-like prior that has an
uncertainty on the matter density σ(Ωm) = 0.007. We
assume a fiducial ΛCDM model with Ωm = 0.3, λ = 0,
w = 0 and h = 0.7.
The results are summarized in Fig. 4. Similarly to the
results for current data in the previous section, we again
note that the matter density is unconstrained without a
matter prior. Our analysis indicates that constraints on
w without the Planck prior are comparable to current con-
straints with the prior, while those on λ are weaker by
about a factor of three. On the other hand, with a Planck-
level prior on the matter density, we forecast the following
one-sigma uncertainties
σλ = 0.009 (26)
σw = 0.013 , (27)
which improve on the current ones (discussed in the pre-
vious section) by about a factor of two. The former corre-
sponds to a one-sigma upper bound on the torsion contri-
bution of Ωφ < 0.036.
5. An alternative parametrization
Our analysis so far has relied on the steady-state torsion
assumption for the torsion field, φ = λH, which has also
been used in the published literature. In this section we
test the robustness of our analysis by briefly considering
an alternative assumption.
From the phenomenological and dimensional analysis
points of view, the most natural alternative parametriza-
tion to making the torsion field proportional to the Hubble
parameter (i.e., the square root of the left-hand side of the
Friedmann equation) is to make the it proportional to the
square root of the matter density (i.e., the square root of
the right-hand side of the Friedmann equation). Specifi-
cally, we now assume
φ =
1
2

√
κρ
3
, (28)
where  is the free parameter replacing λ. In this case, and
keeping the rest of our previously stated assumptions, the
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Friedmann and continuity equations now have the follow-
ing form (written in terms of the dimensionless versions
of the Hubble parameter and density)
E(z) =
√
Ωmr(z) + ΩΛ − 
√
Ωmr(z) , (29)
where the assumption of zero spatial curvature requires
Ωm + ΩΛ = (1 + 
√
Ωm)2, and
(1+z)
dr
dz
= 3(1+w)r+
√
Ωmr
E(z)
[
3(1 + w)r − 2
(
r +
ΩΛ
Ωm
)]
.
(30)
We now repeat the analysis of the previous section for
this parametrization. Firstly, in the ΩΛ = 0 case and with
additional assumption of a small , we have the following
solution
E2(z) = (1 + z)3(1+w)+(1+3w) , (31)
with the matter density and  being related via
√
Ωm(1 −
) = 1; this is therefore akin to the λ case, and it is easy
to see that it provides an equally poor fit to the data. In-
deed, in the perturbative limit of small λ and  one simply
has  = 2λ, which is to be expected since in the absence
of both a spatial curvature and a cosmological constant
the Friedmann equation implies that Hubble parameter
and matter density are approximately proportional to each
other (with the torsion field providing a small correction
to this behaviour). However, note that this simple rela-
tion between the two parameters is only a rough approx-
imation in the general case with a cosmological constant
and/or with non-negligible amounts of torsion.
The results of the general analysis in this case are
shown in Figure 5, which can be compared to the right-
hand side panels of Figure 3. The one-sigma posteriors
for the two parameters are now
 = −0.02+0.05−0.07 (32)
w = −0.06+0.05−0.06 . (33)
In this case the posterior likelihoods are somewhat more
asymmetric due to a stronger correlation between  and
the other free parameters in the model, but other than this
the results are the expected ones: one-sigma uncertainties
and the best-fit value for  differ from those on λ by a fac-
tor of about two, while the best-fit value of w is relatively
unaffected. And while both best-fit values are slightly
negative, there is no statistically significant preference for
the presence of torsion. Figure 5: Likelihood constraints in the various 2D planes of the –w–Ωm
parameter space. The black lines represent the one, two and three sigma
confidence levels, and the colormap depicts the reduced chi-square of
the fit.9
6. Conclusions
We have studied a phenomenological but physically
motivated class of models for the late-time evolution of
the universe allowing for the presence of spacetime tor-
sion, and used low-redshift data (occasionally comple-
mented by a Planck prior on the matter density) to con-
strain them. This analysis allows us to quantify by how
much torsion may contribute to the recent universe, and
is also useful as a stress test of ΛCDM in the sense that
it allows us to further study how dark energy may differ
from a cosmological constant at low redshifts.
In our analysis we have restricted ourselves to back-
ground quantities, thus obtaining a preliminary assess-
ment of the observational viability of these models. An
analysis of linear perturbations in this model (necessary,
for example, to obtain detailed cosmic microwave back-
ground constraints) remains to be done. It is clear from
our results that the constraints benefit from a matter prior,
for which we have relied on the Planck data [11]. We note
that it is not a priori obvious that this prior is applicable
to these models, especially if the models are interpreted
as fundamental alternatives to ΛCDM (i.e., if ΩΛ = 0 and
torsion itself provided the acceleration). However, such
a scenario is strongly disfavoured even with low redshift
data alone, so this is a moot point. Thus the remaining
cosmological niche for these models is a phenomenologi-
cal one, in which the models are one-parameter extensions
of ΛCDM, with the extra parameter (here denoted λ) ex-
pected to be small. In this case, and although this needs
to ultimately be confirmed by a full CMB analysis, we
would expect that it is reasonable to use the prior.
Our constraints on λ are comparable to (or slightly
stronger than) the ones obtained in [6] from big bang nu-
cleosynthesis, and also agree, at least qualitatively, with
those of [10] (which uses different assumptions on the
parametrization of torsion and on cosmological model pa-
rameters). We have also quantified how these constraints
can be improved by analogous low-generation data, and
checked the robustness of the steady-state torsion assump-
tion by also studying an alternative parametrization.
In conclusion, we find no statistically significant prefer-
ence for the presence of torsion. By itself torsion can’t be
responsible for the acceleration of the universe, and even
if taken as an extension of the canonical LambdaCDM
paradigm the overall contribution to the Universe’s energy
budget is constrained to be no larger than a few percent
(the exact number depending on the underlying assump-
tions). We also note that our constraints should be seen
as conservative. Our analysis has focused on low-redshift
background cosmology data, except for the occasional in-
clusion of a Planck-inspired prior on the matter density.
An analysis including a full treatment of the cosmic mi-
crowave background should lead to stronger constraints.
We leave this interesting analysis for subsequent work.
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